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The consistency equations of patch inflation are considered in a next-to-leading-order slow-roll
(SR) expansion. Some general aspects of braneworld degeneracy are pointed out, both with an
ordinary scalar field and a Born-Infeld tachyon. The discussion is then extended to the maximally
symmetric noncommutative case.
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I. INTRODUCTION AND SETUP
In recent years new gravity models invoking high-
energy physics and extra dimensions have been devel-
oped; in many of them, the visible 4D Universe is ac-
tually a 3-brane embedded in a five-dimensional bulk.
Randall-Sundrum (RS) and Gauss-Bonnet (GB) scenar-
ios are typical examples of this setup, where the projected
equations on the brane give rise to an effective 4D evo-
lution which takes at least part of the bulk physics into
account.
An important aspect of the inflationary early Universe
is the emerging of a set of “consistency” relations in-
volving some of the most relevant observables, that is
the amplitudes and indices of the perturbation spectra
generated by quantum fluctuations stretched outside the
Hubble horizon during the accelerated expansion. These
relations do not depend on the form of the inflation-
ary potential but do depend on either the type of scalar
field (ordinary or tachyonic) on the brane and the details
of the high-energy geometrical model. The consistency
equations are a typical result from inflation that other
theories of structure formation are not able to reproduce
and reflect the common physical origin of scalar and ten-
sor perturbations; this scalar-tensor entanglement is even
more pronounced in the braneworld framework.
In this Letter we address the issue of possible theoret-
ical degeneracies between next-to-leading-SR-order con-
sistency relations of different inflaton-braneworld mod-
els, to be distinguished from observational degeneracies
coming from particular values of the observables, for ex-
ample, when the spectrum is nearly scale invariant in
the extreme SR approximation. This problem arose for
the first time when the degeneracy of the 4D and RS
lowest-SR-order tensor index was discovered [1, 2]; sev-
eral works then showed that this degeneracy is most
likely incidental (e.g. [3] and references therein). We
are going to confirm this result in quite a general man-
ner and pave the way to the classification of eventual
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future braneworld scenarios. The nondegeneracy of the
consistency relations is then substantially confirmed in
the case of a noncommutative brane with a realization of
the noncommutative algebra preserving the FRW sym-
metry; see [4, 5] and references therein. The introduction
of the new degree of freedom provided by a noncommuta-
tive parameter slightly complicates the analysis but does
not trigger further degeneracies in any of the concrete
(non)commutative braneworlds.
It is useful to stress that even in the standard general
relativistic case the consistency relations are violated in
some simple situations, for example, in multi-field infla-
tion (see, e.g., [6] and references therein). In this sense, a
deviation from the standard equations would not provide
the smoking gun for the existence of extra dimensions.
According to the aim and degree of theoretical accu-
racy one wants to achieve, a number of technical ap-
proaches to high-energy models are at hand. As a first
step toward a comprehension of the subject we choose the
patch formulation of inflationary cosmology [7], in which
the effective Friedmann equation from the point of view
of a brane observer is
H2 = β2qρ
q , (1)
where q is constant and βq > 0 is some model-dependent
proportionality factor; we do not need to specify βq since
it will not appear in the slow-roll expressions for the cos-
mological observables. We neglect any contribution from
both the Weyl tensor and the brane-bulk exchange; as-
suming there is some confinement mechanism for a per-
fect fluid with equation of state p = wρ, the continuity
equation on the brane reads ρ˙+3H(ρ+ p) = 0. We then
consider an inflationary four-dimensional flat brane filled
with an homogeneous inflaton field ψ with potential V ;
this field can be either an ordinary scalar φ, with energy
density and pressure ρ = φ˙2/2 + V (φ) = p+ 2V (φ), or a
“tachyon” field T satisfying a Born-Infeld action and with
energy density ρ = V (T )/cS and pressure p = −V (T )cS ,
where cS =
√−w =
√
1− T˙ 2.
In order to write down the cosmological observables
in terms of slow-roll parameters, we define the first pa-
rameter as the time variation of the Hubble length H−1,
2ǫ ≡ − H˙
H2
=
3q(1 + w)
2
. (2)
For a scalar field, the first three SR parameters are
ǫφ ≡ ǫ =
3qβ2−θq
2
φ˙2
H2−θ
, (3a)
ηφ = − φ¨
Hφ˙
, (3b)
ξ2
φ
=
1
H2
(
φ¨
φ˙
).
, (3c)
where θ ≡ 2(1− q−1). For the tachyon field,
ǫT ≡ ǫ = 3q
2
T˙ 2 , (4a)
ηT = − T¨
HT˙
, (4b)
ξ2
T
=
1
H2
(
T¨
T˙
).
. (4c)
The evolution equations of the parameters with respect
to synchronous time are second-SR-order expressions,
ǫ˙ = Hǫ
[(
2− θ˜
)
ǫ− 2η
]
, (5a)
η˙ = H
(
ǫη − ξ2) , (5b)
where θ˜ = θ for the ordinary scalar and θ˜ = 2 for the
tachyon. In expressions valid both for φ and T we will
specify no subscript for the SR parameters.
Table I shows the numerical values of the three main
energy “patches” constituting the evolution of a GB
braneworld, from high to low energy regimes. Here ζq(h)
is a quantity determined by the specific gravitational-
geometric configuration one is considering [8, 9], although
from our point of view it will play the role of a purely
numerical coefficient; it contributes to the normalization
of the tensor amplitude through its general definition,
Eq. (9). By comparing Gauss-Bonnet and 4D scenar-
ios, it is clear that the case ζq(h) = ζq′(h) is possible
even when θ 6= θ′. In the discussion on degeneracy we
will not restrict ourselves to these three scenarios, in the
perspective other gravity models might generate patches
(i.e., effective Friedmann equations with θ) different from
θ = 0, ±1.
II. BRANEWORLD SPECTRA
By definition, the 4D spectral amplitude generated by
the kth mode of the perturbation Φ is
A2 ≡ 2k
3
25π2
〈|Φk|2〉∣∣∣
∗
, (6)
TABLE I: Gauss-Bonnet, Randall-Sundrum and 4D scenar-
ios.
Regime q θ ζq(h)
GB 2/3 −1 1
RS 2 1 2/3
4D 1 0 1
where angle brackets denote vacuum expectation value
and the expression is evaluated at the horizon crossing
time defined by k(t∗) = a(t∗)H(t∗). In the case of the
scalar spectrum (subscript “s”), Φ = R is the curvature
perturbation on comoving hypersurfaces, generated by
the scalar field filling the early Universe. For the gravita-
tional spectrum (subscript “t”), Φ denotes the coefficient
functions of the zero mode h
(0)
µν (x) of the 4D polarization
tensor.
Neglecting the contribution of the Weyl tensor and the
total anisotropic stress, the system of equations closes
on the brane and the number of gauge degrees of free-
dom conveniently reduces for longitudinal scalar pertur-
bations; moreover, bulk effects are suppressed in the long
wavelength limit, k ≪ aH . In this case one can assume
the validity of the 4D Mukhanov equation on the brane,
u′′k +
(
k2 − z
′′
z
)
uk = 0 , (7)
where primes stand for second derivates with respect to
conformal time
τ ≡
∫
dt
a
= − 1
aH(1− ǫ) , (8)
and uk are the coefficients of the plane wave expansion
of the canonical variable u = −zΦ. For a perfect fluid,
the squared function z is
z2 = ζq
a2(ρ+ p)
H2
= ζq
a2(1 + w)
β2−θq Hθ
, (9)
where ζq is a proportionality coefficient related to the
field Φ; for an ordinary and tachyon scalar on the brane,
respectively,
z(φ) =
aφ˙
H
, (10)
z(T ) =
aT˙
cSβ
1/q
q Hθ/2
, (11)
with ζq(φ) = 1 and ζq(T ) = 1/c
2
S. In the extreme SR
approximation we can set ζq(T ) ≈ 1. The amplitude (6)
becomes
A2 =
2k3
25π2
|uk|2
z2
; (12)
note that the lowest-SR-order version of the scalar ampli-
tude agrees with that obtained via a de Sitter calculation
3of the correlation function of the fluctuation δψ ∝ u/a
outside the horizon.
The gravitational spectrum in RS and GB scenarios
has been investigated in [8, 9] for a de Sitter brane,
whose maximal symmetry permits a variable separation
of the wave equation for the Kaluza-Klein gravity modes,
hµν(x, y) → h(m)µν (x)ξm(y), where y is the extra direc-
tion. The normalization of the bulk-dependent part of
the graviton zero mode, calculated on the brane position
yb, determines the mapping function F ≡ ξ0(yb)κ5/κ4,
where κn is the gravitational coupling in n dimensions.
It turns out that F is a complicated function of the cou-
plings of the theory, the Hubble parameter H and χ, the
inverse of the bulk curvature scale; given the 4D ampli-
tude At(4D) ∝ κ4H with z4D =
√
2a/κ4, the braneworld
tensor amplitude is At = At(4D)F (H/χ). To be consis-
tent with the patch solution (1), we must consider the
approximated version Fq of F in the proper energy lim-
its.
Writing At = At(4D)z4D/z, one may encode the phe-
nomenology of the transverse direction into a map acting
on the function z, z4D 7→ z = z4D/Fq. We can find the
patch version of F with a trick, by noting that in four
dimensions the graviton background can be formally de-
scribed by Eq. (9) with ζ1(h) = 1 and a perfect fluid
ph = −ρh/3 which does not contribute to the cosmic ac-
celeration, since a¨ = aH2(1− ǫ) and ǫ = 1. Generalizing
this stationary solution one has wh = 2/(3q)− 1 and [5]
z(h) =
√
2a
κ4Fq
, (13)
F 2q ≡
3qβ2−θq H
θ
ζq(h)κ24
. (14)
This is equivalent to take the 4D tensor amplitude
and substitute the gravitational coupling with κ24 ∼
(H2/ρ)4D → H2/ρ. Although these arguments do not
completely justify Eq. (14) as the general patch solu-
tion for the tensor amplitude, the proposed ingredients
provide a very compact notation that does match the re-
sults coming from both the 4D and full 5D calculations
in Randall-Sundrum and Gauss-Bonnet scenarios. We
suggest this picture to be valid in other cases, too; direct
contact with explicit gravity models is reduced to a min-
imum through the coefficients βq and ζq, but only the
latter is indispensable for the consistency relations. The
spectral indices and their runnings are defined as
nt ≡ d lnA
2
t
d ln k
, ns − 1 ≡ d lnA
2
s
d ln k
, (15)
α ≡ dn
d ln k
. (16)
If z′′/z ∝ τ−2, the Mukhanov equation is exactly solv-
able: setting
ν2 ≡ 1
4
+ τ2
z′′
z
, (17)
the large-scale solution, perturbed according to the SR
approximation, is
|uk| = 2
ν−3/2
√
2k
Γ(ν)
Γ(3/2)
(−kτ)−ν+1/2
≈ [1− C(ν − 3/2)] (−kτ)
−ν+1/2
√
2k
, ν − 3/2≪ 1 ,
where C = γ + ln 2 − 2 ≈ −0.73 is a numerical constant
(γ is the Euler-Mascheroni constant). Since ν is a combi-
nation of SR parameters, this expression describes a cos-
mological solution with constant SR parameters; patch
power-law inflation has exactly this feature [7] but there
are other feasible solutions [10, 11].
Let us list the results for the cosmological spectra to
next-to-leading SR order. Using Eq. (8) together with
∂2τ = a
2(H∂t + ∂
2
t ), for the tensor amplitude we have
z′′
z
= (aH)2
[
2 +
(
3θ
2
− 1
)
ǫ
]
, (18)
νh =
3
2
+
(
1 +
θ
2
)
ǫ , (19)
and
A2t = {1− [(2 + θ)C + 2] ǫ}
3qβ2−θq
25π2
H2+θ
2ζq
, (20a)
nt = −(2 + θ)ǫ
[
1 + ωtǫ− 2
(
C +
2
2 + θ
)
η
]
,
(20b)
αt = (2 + θ)ǫ
[
2η −
(
2− θ˜
)
ǫ
]
, (20c)
where from now on ζq = ζq(h) and
ωt ≡
(
2− θ˜
)
C +
6− θ˜
2 + θ˜
. (20d)
The O(ǫ2) part of the tensor index and its running de-
pend on the assumed scalar field model through Eq. (5a).
In the tachyon case, ωt = 1. For the ordinary scalar field,
z′′
z
= (aH)2 [2 + 2ǫφ − 3ηφ] , (21)
νφ =
3
2
+ 2ǫφ − ηφ , (22)
and
A2s(φ) = [1− 2(2C + 1)ǫφ + 2Cηφ]
3qβ2−θq
25π2
H2+θ
2ǫφ
,
(23a)
ns − 1 = (2ηφ − 4ǫφ) + 2(5C + 3)ǫφηφ − 2Cξ2φ
−2[(4− θ) + 2(2− θ)C] ǫ2
φ
, (23b)
αs = 2
[
2(θ − 2) ǫ2
φ
+ 5ǫφηφ − ξ2φ
]
, (23c)
r =
ǫφ
ζq
[1− (θ − 2)Cǫφ − 2Cηφ] , (23d)
4where r ≡ A2t/A2s. Finally, for the tachyon one gets
z′′
z
= (aH)2
[
2 +
(
3θ
2
− 1
)
ǫT − 3ηT
]
, (24)
νT =
3
2
+
(
1 +
θ
2
)
ǫT − ηT , (25)
and
A2s(T ) = (1− 2ωsǫT + 2CηT )
3qβ2−θq
25π2
H2+θ
2ǫT
, (26a)
ns − 1 = [2ηT − (2 + θ) ǫT ] + 2 (C + 1 + 2ωs) ǫTηT
−2Cξ2
T
− (2 + θ)ǫ2
T
, (26b)
αs = 2
[
(3 + θ) ǫTηT − ξ2T
]
, (26c)
r =
ǫT
ζq
[
1− (2− θ)ǫT
6
− 2CηT
]
. (26d)
Here,
ωs ≡
(
C +
5
6
)
+
θ
2
(
C +
1
6
)
. (26e)
As a last remark, we note that there is a sort of triality
among the Mukhanov equations for the scalar, tachyon
and tensor amplitudes: in fact, νφ = limθ→2 νT and
νh = limη→0 νT . The first condition is a consequence
of the definitions of the SR towers [7], the second one
states that, when ǫT ∝ T˙ 2 ≈ const, the quantum field
uk(δT ) evolves like its gravitational counterpart uk(h).
One might find interesting to rewrite the SR expressions
(23) and (26) for the scalar perturbation in a minimal
fashion, by substituting θ with θ = 2+θ− θ˜ in Eqs. (24),
(25) and (26e); in the ordinary scalar case, ωs = 2C + 1.
Then,
A2s = (1− 2ωsǫ+ 2Cη)
3qβ2−θq
25π2
H2+θ
2ǫ
, (27a)
ns − 1 =
[
2η − (2 + θ) ǫ]+ 2(C + 1 + 2ωs)ǫη
−
[
2
(
2− θ˜
)
ωs + 2 + θ
]
ǫ2 − 2Cξ2 , (27b)
αs = 2
[
2
(
θ˜ − 2
)
ǫ2 +
(
3 + θ
)
ǫη − ξ2
]
, (27c)
r =
ǫ
ζq
{1− [(2 + θ)C + 2(1− ωs)] ǫ− 2Cη} .
(27d)
If ξ ≪ min(ǫ, |η|), we can collect Eqs. (20), (23) and (26)
in the closed set of consistency equations:
αs(φ) ≈ ζqr[4(3 + θ)ζqr + 5(ns − 1)] , (28a)
αs(T ) ≈ (3 + θ)ζqr[(2 + θ)ζqr + (ns − 1)] , (28b)
nt(φ) = ζqr[−(2 + θ) + (2 + θ)ζqr + 2(ns − 1)] ,
(28c)
nt(T ) = ζqr
[
−(2 + θ) + 2(ns − 1)
+
(2 + θ)(4 + θ)
6
ζqr
]
, (28d)
αt = (2 + θ)ζqr[(2 + θ)ζqr + (ns − 1)] . (28e)
The consistency equation for the tensor index depends
on the chosen scalar action, as first pointed out in [12].
Conversely, Eq. (28e) is valid both for the scalar and
tachyon field, but in general it is model-dependent [12].
The next-to-lowest-order equations (28c) and (28d) gen-
eralize the lowest-order equation presented in [5].
III. DEGENERACY OF CONSISTENCY
EQUATIONS
Let us now seek what are the necessary conditions for
obtaining the same set of consistency equations in two
models (ψ, θ) and (ψ′, θ′). There are several possible
degeneracies which arise particular attention. The first
one is exact, that is αs = α
′
s, αt = α
′
t and nt = n
′
t
to next-to-leading SR order; this model correspondence
would open up many compelling possibilities, for example
to construct a complicated braneworld scenario starting
from a simple one. A second, more operative degeneracy
is effective, namely, one considers only the scalar run-
ning and the lowest-SR-order tensor index. Differences
in next-to-leading-order tensor indices and in tensor run-
nings are neglected since the observational uncertainty on
these quantities would blur any theoretical mutual devia-
tion, at least for near-future experiments. When neither
exact nor effective degeneracy are achieved, we will say
that the two classes of models are definitely nondegen-
erate. Another choice could be to consider tensor de-
generacy, of either lowest and next-to-lowest order, when
the tensor index and its running are degenerate; tensor-
degenerate models give the same gravitational wave spec-
trum. This degeneracy is useful when reducing the space
of parameters in numerical analyses via the tensor-index
consistency equation.
The first degeneracy we investigate is between
ordinary-scalar and tachyon-field scenarios. Let a prime
denote the tachyon model; in order to get (φ, θ) =
(T, θ′), we match Eqs. (28a) and (28b), giving
θ =
14 + 13θ′
4(3 + θ′)
, θ′ 6= −3 , (29a)
ζq =
3 + θ′
5
ζq′ . (29b)
From Eqs. (28c) and (28d) one gets either θ = 2 = θ′
or θ = −2 = θ′; Eq. (28e) is automatically degenerate
for all θ. Therefore, exact degeneracy is not allowed for
finite q. For the effective degeneracy it is sufficient that
(2 + θ)ζq = (2 + θ
′)ζq′ , (30)
from the lowest-order tensor indices; coupling this condi-
tion with Eq. (29) again gives θ = 2 = θ′. Therefore, φ-
and T -models are definitely nondegenerate for finite q.
Scalar models in different braneworlds are definitely
nondegenerate, (φ, θ) 6= (φ, θ′), since it must be θ = θ′
in the scalar running. The same conclusion holds for
tachyon models, (T, θ) 6= (T, θ′) if θ 6= θ′.
5Tensor degeneracy is straightforward: all the previ-
ous models are tensor degenerate to lowest SR order
when Eq. (30) holds. In particular, (1) scalar and
tachyon scenarios in a given patch and (2) 4D and RS
models are tensor-degenerate at lowest order. Models
with the same inflaton field ψ and ζq = ζq′ are not
tensor-degenerate; obviously, 4D and GB scenarios are
not tensor-degenerate. Next-to-leading-order tensor de-
generacy is possible only between (φ, −2) and (T, −2),
when
αs(φ) ≈ ζ1/2r[4ζ1/2r + 5(ns − 1)] , (31a)
αs(T ) ≈ ζ1/2r(ns − 1) , (31b)
nt = 2ζ1/2r(ns − 1) , (31c)
αt = 0 . (31d)
As far as the author knows, no braneworld gravity model
giving an effective Friedmann equation with q = 1/2 has
been developed so far. Table II summarizes the various
degeneracies for finite q.
TABLE II: Commutative patch degeneracies for finite q.
“n.t.l.” stands for next-to-lowest order.
Degeneracy (φ, θ)− (T, θ′) (ψ, θ)− (ψ, θ′)
Exact − −
Effective − −
Tensor n.t.l. SR θ = θ′ = −2 −
Tensor lowest SR Eq. (30) Eq. (30) with θ 6= θ′
We can extend the discussion to noncommutative mod-
els. The introduction of the fundamental string energy
scale Ms generalizes the lowest-order consistency equa-
tions [5]:
αs(φ) ≈ rζq{(5− σ)(ns − 1)
+[4(3 + θ)− σ(7 + θ − σ)]rζq}, (32a)
αs(T ) ≈ rζq{(3 + θ − σ)(ns − 1)
+[(2 + θ)(3 + θ)− σ(5 + 2θ − σ)]rζq}, (32b)
nt = [σ − (2 + θ) +O(ǫ2)]ζqr , (32c)
αt ≈ (2 + θ − σ)rζq [(ns − 1) + (2 + θ − σ)rζq ] .
(32d)
Here, σ is a nonnegative function encoding the depen-
dence on the string scale; in the commutative limit or
UV region of the spectrum, it is σ ∝ (H/Ms)4, where H
is evaluated at horizon crossing. In the far IR regime,
one finds that either σ = 6 or σ = 2 for class 1 (FRW-
sphere factored out) and class 2 (one single effective scale
factor) models, respectively. Since theoretical degener-
acy of consistency relations should be independent of the
particular value of horizon-crossing quantities, we inves-
tigate only the IR case with constant σ; indeed, Eqs.
(32a)–(32d) are valid just in this approximation. We do
not care for exact degeneracy and consider only effec-
tive and tensor degeneracy between two models (ψ, θ, σ)
and (ψ′, θ′, σ′), always discarding the commutative case
σ = σ′ = 0. Patch models display lowest-order tensor
degeneracy when
(2 + θ − σ)ζq = (2 + θ′ − σ′)ζq′ . (33)
If σ 6= σ′, this translates into σ4D − σGB = 1, σ4D =
2σRS/3 or 2σRS/3 − σGB = 1. As regards effective de-
generacy:
• φ ↔ T : Scalar and tachyon models are never de-
generate;
• φ ↔ φ: Degeneracy is possible only when σ 6= σ′
and at least one of the two models is not 4D, RS
or GB. In general, it must be θ = (3σ′ + 10θ′ −
2σ′θ′− 15)/(2− θ′), σ = (σ′− 5θ′+5)/(2− θ′) and
ζq = ζq′(2 − θ′);
• T ↔ T : The degeneracy conditions read θ − σ =
θ′ − σ′ and ζq = ζq′ . Therefore, σ4D − σGB = 1.
To conclude, among the known braneworld commutative
models there are two lowest-SR-order tensor degenera-
cies, one between scalar and tachyon cosmologies and one
between the four-dimensional scenario and the Randall-
Sundrum braneworld; when noncommutativity is turned
on, these braneworld models can be degenerate with suit-
able values of the noncommutative parameter, but not in
the classes investigated in [5]. This result holds under the
standard assumption ξ ≪ min(ǫ, |η|), which permits to
close the expression for the scalar running. If the inflaton
potential does not satisfy such a dynamical constraint, as
in the case of power-law ordinary inflation, then the con-
sistency relations (32a) and (32b) are modified. For ex-
ample, it may be convenient to perform numerical analy-
ses via the horizon flow formalism; when one neglects the
third flow parameter ǫ3 with respect to ǫ1 = ǫ, it turns
out that the scalar and tachyon scenarios are always ef-
fectively degenerate when Eq. (33) holds, since the scalar
running is then given by Eq. (32d) in both cases [13]. The
discussion for the lowest-order tensor degeneracy would
thus also apply to the effective degeneracy. Should this
be the most realistic scenario, the adoption of one field
instead of the other would be important only at sec-
ond order in this model-independent context, in which
nothing about the shape of the potential is said; anyway,
the universal equation (33) would continue to determine
the condition for degeneracy, excluding coincident pre-
dictions from the braneworld (non)commutative setups
we have considered.
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